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Abstract The global dynamics of a deterministic model in wastewater treatment
has been investigated in Zhang (J Math Chem 50:2239-2247, 2012). The stochastic
version, which can be used for continuous flow bioreactor and membrane reactor is
presented in this study. Precisely, we assume there is some uncertainty in the part
describing the recycle, which results in a set of stochastic differential equations with
white noise. We first show that the stochastic model has always a unique positive
solution. Then long time behavior of the model is studied. Our study shows that both
the washout equilibrium and non-washout equilibrium are stochastically stable. At the
end, we carry out some numerical simulations, which support our theoretical conclu-
sions well.

Keywords Bioreactor - Stochastic model - Deterministic model - Dynamics -
Stochastic stability - Equilibrium

1 Introduction

Industrial effluent and household sewage are complex mixtures of many substrates
and microorganisms. The purpose of wastewater treatment is to remove pollutants
what can harm the aquatic environment. Let S(¢) be the concentration of substrate
and X () be the concentration of microorganism at time ¢, respectively. Then after
non-dimensionalization, a mathematical model for wastewater treatment process can
have the following form.
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—_1(5 —8) — X% —msX,

X =Bl(Xo—X)+y2Xx + 2 — kX, (I.1)
which actually includes two types of models: (a) continuous flow reactors used in treat-
ment of industrial wastewater; (b) membrane reactors designed for domestic waste-
water treatment. It has been investigated by Nelson and Zhang [11,14]. It shows that
if X¢ = 0, namely there is no microorganism in the influent, then from the analysis
of [11], the dynamics of a reactor model with idealized recycle is equivalent to the
idealized membrane reactor, and that of a reactor model with non-idealized recycle
is equivalent to a non-idealized membrane reactor model. In other words, the case
of 8 = y = R = 1 is equivalent to the case of B = y = 0 and the case of
0 < B <1,y =0isequivalent to the case of § = y = 1,0 < R < 1. Therefore,
in this study, we shall set our parameters as follows, 8 = y = 1,0 < R < 1 and
Xo =0, # 0,where R =0,0 < R < 1 and R = 1 correspond models of a
continuous flow reactor without recycle, a continuous flow reactor with non-idealized
recycle and a continuous flow reactor with idealized recycle, respectively. Previous
results also indicate that model (1.1) has at most two equilibria: a washout equilibrium
E1(Sp, 0) and a non-washout equilibrium E»(S*, X™*) where

1 —R+kyt . So — S*
R—1+U—-k)t'~ — 1=R+ (kg+myt’

§* =

To have E; physically meaningful, namely both $*, X* should be positive, one of the
following conditions should be satisfied.

(A=R)(1+S0)
() kg < 1+S andr_mfor0<R<l
(i) kd<1+s =1.

Then from [11,14] we know that both E| and E; are stable when they exist.

Many researchers’ works are based on deterministic models since they are useful
and able to provide reasonably good predications to what they describe in physical
and engineering processes. For example, the authors of [3,4,11-13] investigated the
deterministic models for bioreactor. However, in reality, uncertainties always exist.
Very often these uncertainties are ignored or their study are delayed or omitted. This
limits our understanding of the true processes. Recently, lots of works in the direction
of stochastic modeling have been carried out and being developed very quickly due
to the needs in the related research areas. To name but a few, [1,2,5-10,15] and the
references therein. In practice, there might be different ways through which uncer-
tainties can have influences on the physical or engineering processes. Such processes
with uncertainties can be modeled by stochastic equations, which play an important
role in describing the dynamical models in biological, medical, physical and social
sciences.

In this paper, we consider the case of uncertainties from the recycle, namely the
recycle rate takes the form as

R — R+ 0dB(1)
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in system (1.1), where B(t) is a scalar Brownian motion. Then we are ready to propose
our model as follows, which is a stochastic model in It6 form.

I+S

—_1(5 - 8) — 2% —msX, 12
t —,B.E(XO X)+)/RX+ s kdX+andB(t)_ .

We are interested in the effect of uncertainties on the dynamics of the above model.
As the model describes a bioreactor and S(¢) and X (¢) are concentrations, which can
not be negative, of the substrate and microorganism, respectively, we would like to
find out whether or not the solution of the stochastic model (1.2)

e will remain positive or nonnegative,
e will not explode to infinity in a finite time,
e will be persistent.

The rest of the paper is organised as follows. In Sect. 2, we show that there is a unique
nonnegative solution no matter how large the intensities of noise is, and the solution
will not explode in a finite time. By the Lyapunov function constructed, Sect. 3 shows
if the noise satisfied certain condition, then the washout equilibrium £ is stochasti-
cally asymptotically stable. In Sect. 4, we show that how the solution goes around the
non-washout equilibrium, E» of the deterministic model under different conditions,
which implies that the solution is persistent and tends to the equilibrium state if the
intensity is not very strong. Section 5 concludes the paper with numerical simulations.

2 Existence and uniqueness of the positive solution

In this section, for model (1.2), we claim that there is a unique nonnegative solution
no matter how large the intensities of noise is, which is summarised in the following
theorem.

Theorem 2.1 There is a unique solution (S(t), X (¢)) of model (1.2) on [0, 00) for
any initial value (S(0), X (0)) € R: = {x € RY:x;>0,i=1 , 2}, and the solution
will remain in R2 with probability 1, namely (S(t), X (t) € RZ 4 forallt > 0 almost
surely.

Proof Since the coefficients of model (1.2) are locally Lipschitz continuous for any
given initial value (S(0), X (0)) € R2, there is a unique local solution (S(¢), X (1))
ont € [0, 7.), where t, is the explosion time. To show this solution is global, we
need to show that 7, = oo a.s., which is the abbreviation for “almost surely”. Let
mo > 0 be sufficiently large so that S(0) € [mLo,mo], X(0) e [mLO,mo]. For each
integer m > my, define the stopping time

T, =inf1r €0, 1,): S(t)gé(l m) orX(t)gé(%,m)],

where throughout this paper, we set inf § = oo (as usual ¥ denotes the empty set).
Clearly, 1, is increasing as m — 00. Setting 7o = lim 1, yields 70 < 7. a.s..
m—0o0
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If we can show that 7, = 00 a.s., then 7, = oo and (S(¢), X(¢) € R~2+ forallr > 0
a.s.. In other words, to complete the proof, all we need to show is that 7o, = o0 a.s..
If this statement is false, then there is a pair of constants 7 > 0 and ¢ € (0, 1) such
that

Pl{teo < T} > e.
Hence there is an integer m| > mg such that
Plty <T}>¢ 2.1

for all m > m. Define a C>-function V: R — Ry,

VS, X)) = (S —c—cln %) +(X—-1-InX),

where c is a positive constant to be determined. Then V (S, X) > Osinceu —1—Inu >
0, Vu > 0. Using It6’s formula, we get

dV =dS — —dS + —(dS)2 +dX — —dX + —(dX)2

2X2
oX
= LVdi + (— - —) dB(1),
T
where
LV = —(Sy — ) X (So— ) + + x+ Ry
0 T+ 8T g0 1+ Mg T
+ x4+ LR S o
1+s 0T T T T iys M T2

Note that R € [0, 1] is the recycle rate, and S(¢) and X (¢) are real numbers satisfied
0<S8() <o0, 0 < X(t) < oo. We choose ¢ = kg, then

1 R o2 A
LV < So+ +mSCK1+———+kd+22=K
Therefore,

T AT T AT T AT

ocX o
/ dV(S(r), X(r) < / Kdr + / (— - —) 4B,

T T

0 0 0
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Taking expectation on each side of the above inequality yields

E[V(S(tm AT), X(tm A T))] = V(S(0), X(0))

T AT

+E / Kdr <V(50),X0)+KT. (2.2)

Let 2, = {t,, < T} form > m{. From (2.1), we have P(£2,,) > ¢. Note that for
every w € ,, there is at least one of S(t;,, ®), X (7, w) equals either m or % If

S(ty,, w) = m or % then

1 1
V(S(ty AT). X(ty AT)) > (m —c — cln ) A (— —c—cln—),
C m mc

while if X (T, @) = m or 1, then

VISt AT), X(tiy AT)) > (m—l—lnm)/\(l—l—lni).
m m

Consequently,

VISau AT), X(ty AT))

1 1
> (m—c—clnﬂ) A (— —c—cln—)
c m mc

1 1

Am—1—Inm)A{——1—In—.
m m

It then follows from equations (2.1) and (2.2) that
V(S©), X))+ KT

> E[lQ, @V (S(tm AT), X(tn AT))]

m 1 1
>m—-—c—clhh—)A|{——c—cln—
c m mc

1 1
/\(m—l—lnm)/\(——l—ln—),

m m

where 1g, () is the indicator function of £2,,. Letting m — oo leads to the contradic-
tion co > V(S(0), X(0)) + KT = oo. It implies that to < 7, a.s.. This completes
the proof. O
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3 Stochastically asymptotically stable of the washout equilibrium of the
stochastic model

In the case of deterministic model, we know the washout equilibrium E1 (Sp, 0) always
stable [14], which means the microorganisms will die out after some period of time.
It is easy to check that it is still the equilibrium of the stochastic model (1.2). Now, in
this section we shall investigate the stability of E£; when the model with uncertainty.
In other words, we are interested in the effect of uncertainty on the stability of E;. We
have the following conclusion.

Theorem 3.1 When the intensity of the noise, o satisfies

So
14+ S

02521—2rR—2 T+ 2k47,

the washout equilibrium E1(So, 0) of model (1.2) is stochastically asymptotically sta-
ble.

Proof Let (S(t), X (¢)) be the solution of model (1.2) with initial value (S§(0), X (0) €
R_2|_. Letting X1 = § — Sp, X2 = X gives

Xm = (—%Xl —+ —(fi;fi)éf)z — mst) dl,

3.1)
dX, = (_%x2 + R Xy KXy kdXz) dt + 2 X2dB(1).
Linearise (3.1) at (0, 0). Then we get
1 SoX
dxy = (=1x + 25 —mxa) dr, )
Xy = (=12 + B + 52 — kyXo) di + 2X2d B(0).

Next we show the equilibrium (X1, X») = (0,0) of model (3.2) is stochastically
asymptotically stable. To this end, define a C2-function V given by

V =X+ X3+ AX,,

where A is a positive constant. Obviously, V is positive definite, and along the trajec-
tories of model (3.2) we have

dV =2X1dX| + (dX1)? +2X2d X2 + (dX2)* + AdX»
20X2  AcX
— LVdi + (2 + g)arB(t),
T

T
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where

Lve_2x2_ 2 vy omxix 2X +2RX 4250
= m —_ —
P T S 2 RO

+02X2+A Ly Ry S 4 )x
7272 T 1 145 d

2 2

We claim that LV is a negative function under certain condition. In fact,

(i) If X, > 0, then

2., (2R 2 28
LV <—>Xi+ (= -+

—2kg+ — ) X5.
T T 148 d 12) 2

Obviously when 02 <21 —2tR — 21+S T+ 2kgt, LV < 0,and LV = 0 if
and only if X1 = X, =0.
(i) If X1 <0, wecan get —X| < Sp from S = X1 + So > 0, then

AY: 2 2R 25,
0 0 X2

2 2 2
LV <—2x24 Xo +2m,SoXy — ZX2 + X+
e i et e 2T 155,72

2kX+ X3+ A LRy S ) x
a2 2 T T 14+ So d 2

‘We then can choose

+2m S()
_ 5 s
A_l_E_
T T
which yields
v 2xry (B2, 2 2k+ ) x2
= 1 T T 148 d 2

Again, when 02 <21 —2tR — 2%0501 +2kgt, LV <0,and LV = 0 if and only if
X1 = X, = 0. Therefore the (0, 0) origin model (3.2) is stochastically asymptotically
stable.

Next, we show the origin (0,0) of model (3.1) is stochastically asymptotically stable,
namely the washout equilibrium E(Sp, 0) of model (1.2) is stochastically asymptot-
ically stable. Notice
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f(t.X) = F-X| +|g(t. X) = G - X|
2/( So Xz_(X1+50)X2)2+((X1+50)X2_ So X2)2
1+ 8o 14+ X1+ 8o 1+ X1+ 8o 1+ So
2/2( o Xz_(X1+So)X2)2
1+ 8o 1+ X1+ 8o

_2' X1X>
o 14+ X1+ So)(1 + So)

Then by [7] and [9], for small ¢ > 0, when |X || < ¢, |X3| < ¢

[f(t,X)—F -X|+ g, X)—G-X]|

X
<2¢ ‘ !
14+ X1+ So)(A + So)
X1
<2¢
‘ I+ 8o
<le
where [ = ﬁe. Therefore the washout equilibrium E1(Sp, 0) of model (1.2) is
stochastically asymptotically stable. O

4 Asymptotic behavior around the non-washout equilibrium of the
deterministic model

When studying the deterministic model (1.1), we are interested in two things. One is
when the microorganism will die out, which has been shown in Sect. 3. Another is
the persistence of the microorganism. In the case of deterministic model, the second
problem is solved by showing that the non-washout equilibrium is a global attractor
or is globally asymptotically stable. Generally, there is no non-washout equilibrium
for stochastic model (1.2). Since model (1.2) can be treated as the perturbation of
model (1.1) which has an non-washout equilibrium E;(S*, X*), it is reasonable to
consider the microorganism will persist if the solution of model (1.2) is oscillating
around E»(S*, X*) most of the time. In this sense, we have conclusion as follows.

Theorem 4.1 Let (S(t), X(t)) be a solution of model (1.2) with initial value

(S(0), X(0)) € R%. Then when 0 < min{3, v — T& 4 KT 4 meay

1 t
Jim sup —E / [(S(u) — S +r*(X (u) — X*)?1du <k,
e 0
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where

ke = 77
T
4o 2
¢ = (R = thy — tm2(X*)? + 2 (S0)°
T T
802 4 2R L OIX
t\— t ot 2ka+2ms ) A+ 85—
T 2t

Proof Define a C2-function V as

V =[(S — 5§92 + (X — X*)2]

802 4 2R . v uwl X
F\——+-———+2kg+2m A+ SH|(X-X"—X"In—),

72 T T X*
where 2 < min{%, 7 — % + /% + 5%}. Then V is a positive definite. Using Ito’s
formula, we get

dV =2[(S — §*) 4+ (X — XS +dX) + (dS)? + (dX)?
40> 4 2R ; X*
+(——+———+2kd+2ms) 1+ )[(1——)
T T X

*
2
> el

o
=LVdt + [Z(S -5 +2(X - X*)—
T

802 4 2R . X*\ o X
tl—— +=-——+2%kg+2m ) A+ SH |1 - — ) — | dB(),
T T X T

where

V=[2(5§—-5"+2(X — X")] [%(So o %X —msX + §X —kdX:|

0'2)(2 80’2 4 2R * *
(T T = T 2k 2 ) (L S - X

+ 72 72
1+R+ S .
1+s
862 4 2R L OIXF
+ ——2+———+2kd+2my (1+ 85—
T 2T

Note that %(So — 8% — ﬁ—’;: — myX* = 0 implies l-fS* = % — § + k4. Then we

have
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_ 1S* N S*X*
T T 1+ 8§*
1 1 R
=S+ X — =X+ kg X+ mg X
T T T

+mX*

and
1 1 1 R
[2(S — $%) +2(X — XM)] |:—S0 ——S——X+—-X-mX _kdXi|
T T T T
1 1 R
=[2(S— S +2(X — X)] [—;(S -5+ (—; + 7 M —ka)(X — X*)}
2 k2 ( 1 R ) *\2
=—8-=-S"4+2|——4+——my —kg ) (X = X7)
T T T
4 2R N ”
+(—;+T—2ms—2kd)(X—X)(S—S),

which imply the following hold.

o2Xx? 02

( X+ S —So+ So)?

o2
2—[(X+S S0)? + (S0)?]

2
= 2—2[(X + 85— 85— X"+ RX" — thg X* — tms X*)% + (S0)?]
T

2

2
= 2”—2[<(X — X*) 4 (5 = §) + (R — tha — Tmy)*(X*)* + (S0)°]
2
< 2—[2<(X X*) + (S = §%)? 4+ 2(R — tha — Tmy)*(X*)* + (S0)°]
4 2
—(X-X )2+—(S S*)2+—(X X*)(S — §%)

402 2 vy 2 2
+ 2 (R - de - Tms) (X ) + 2 (SO) )
T T

and
802 4 2R N N 1 R S
——2+———+2kd+2mY 1+ SHX - X% ——+—+——kd
T 1+ S
802 4 2R S S*
=|-—4+—-———+2k;+2 I+5X -XH{— - ——
( 72 +‘L’ T ket ms)( + 57 )(l—i-S 1+S*)
802 4 2R (X — X*) (S — 5%
=\-——+-———+2kg+2
( 72 +t T +ekat ms) 1+S
8¢2 4 2R N N
=< —7+;——+2kd+2ms (X = X5 —5).
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Therefore

402 2 v (4% 2 2R .
LV=\—3 — )=+ 7 — -+ —2k—2m ) (X =X+,

where
452 202
2 2 2
c=—(R—- thg — Tmg) = (X*)” + —(S0)
T T
802 4 2R L O2X*
t\——F+t-——+2ki+2m )1+ 5)——5.
T T T 2T
From
t t
E / dV = E / LVdt,
0 0
a without noise, 6=0 b with noise, 0=0.1
1 ( 1
—S
0.8 —S 0.8 _
X X
x 0.6 x 0.6
D o4 @ o4
0.2 0.2 k
0 k 0 -
0 200 400 600 800 1000 0 200 400 600 800 1000
time time
C with noise, 0=0.5 d 14 with noise, 0=1.0
1 ‘ —S
1.2 —X
0.8
x 0.6
7]
0.4
0.2 Pk
0 A
0 AA.\A A
0 200 400 600 800 1000 0 200 400 600 800 1000
time time

Fig. 1 Comparison of the dynamics in deterministic model and stochastic model with ¢ = 0.1,0.5, 1,
respectively
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we know
1 t
lim sup —E/ [(Su) — S+ r2(X () — X*?1du < k,,
t—00 t 0

where 2 and k, are defined in the theorem statement. This completes the proof. O

Theorem 4.1 and its proof also tell us that the average in time of the second moment
of the solution will be bounded.

5 Numerical simulations and conclusion

Numerical simulations are carried out in this section to demonstrate the stochastic
stability of £ and E», and also effect of uncertainty on the dynamics of the model.
First, we illustrate washout equilibrium E is stochastically stable. To this end, we
choose (0.5, 0.5) as the initial value of model (1.2), and let So = 1, R = 0.9, k; =
0.6,mg = 0.5, = 2, and o varies in a range governed by Theorem 3.1. Since
kg > S0 — 0.5, R = 0.9 and 02 <2t — IR — 250 ¢ 4 2kgt = 2.6, from

1+So 1+So
a without noise, 6=0 b with noise, 0=0.001
0.8 0.8
—S —S
— X
> =1 AN o WA
0.6 0.6
x 05 x 05
P 04 D o4
0.3 0.3
02 02 [ M My o, f s Ay ™
0.1 0.1
0 200 400 600 800 1000 0 200 400 600 800 1000
time time
c with noise, 0=0.01 d with noise, 6=0.1
0.9 1
—S —3S
0.8 X 0.9 X
07 0.8
06 07
0.5 06
x " X 05
9 04 0
0.4
0.3 03
02 0.2
0.1 0.1
0 0
0 200 400 600 800 1000 0 200 400 600 800 1000
time time

Fig.2 Comparison of the dynamics in deterministic model and stochastic model withe = 0.001, 0.01, 0.1,
respectively
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a with noise, 0=1.2 b with noise, 0=3

800

Fig. 3 The long time behavior of the stochastic model with o = 1.2, 3, respectively

Sect. 3, the equilibrium E;(Sp, 0) is globally asymptotically stable. Our simulation
also supports this conclusion as shown in Fig. 1, where we show the effect from dif-
ferent intensities, o of noises. As seen, when o is relatively small such as less than
0.5, there are not much effect from the noise; when o is large, but less than 2.6 it is
still stable although the effect is obvious. In practice, it implies if the uncertainty can
be controlled within certain range, the microorganism will die out eventually, which
preserve the dynamics of the deterministic model.

Next we show E» is stochastically stable. For this purpose, in our simulatioSn, the

0

parameters are setas So = 1, R =1, kg = 0.4, mg = 0.5, 7 = 2. Since ky < e =

0.5and R = 1, model (1.1) has an unique positive equilibrium E5(S*, X*) = (%, %),
which according to result in Sect. 4,when ol < min{%, T — % + ]%f + %} =
min{1, 1.9} = 1, is stable. Our simulation in this case uses (0.66, 0.18) as the initial
value. It shows in Fig. 2 that the solution of the model (1.2) oscillates around the point
E>(S*, X*) at the most of time, which implies E; is stochastically stable when o
satisfies the condition in Theorem 4.1.

While for 62 > min{%, T — % + k‘iTT + %} = min{l, 1.9} = 1E, is unsta-
ble, please see Fig. 3, which shows the long time behavior of the model (1.2) with
o = 1.2, 3, respectively.

The implication of Figs. 2 and 3 is that in practice the microorganisms can persist if
the noise is controlled in certain level due to the positive equilibrium is stochastically
stable.

To sum up, in this paper, we first proposed a stochastic model and then analyzed the
long time dynamics of a stochastic model. Then proved the existence of the positive
solution. The conditions for globally stochastic stability of the washout and non-
washout equilibria have been given. At the end, numerical simulations have also been
carried out, which support our theoretical analysis in previous sections.
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